A sequence of analytical solutions explore the spectrum of response patterns expected for unsteady elastic-compressible flow in pipes. Complete analytical details of the solutions are provided, together with specific suggestions for an associated set of analytical benchmark tests. Illustrations of predicted response patterns provide the basis for a discussion of many significant physical aspects and their representation in discrete numerical codes. An evaluation of the incompressible flow approximation completes the discussion.
INTRODUCTION
Numerical modeling is the tool of choice in studies of unsteady flow in pipes. Yet there remains a useful role for analytical solutions to schematic problems. Analytical solutions have value in both classroom instruction on unsteady pipe flow and in the confirmation of numerical codes.
In classroom instruction, unsteady pipe flow is often an engineering student's first significant exposure to unsteady flow. The mathematical sophistication and physical complexity introduce a leap in conceptual challenges. Analytical solutions can provide a rapid and convenient introduction to the spectrum of response patterns.
In numerical model evaluation, analytical solutions can provide a rapid measure of physical and code credibility that approaches the value of extensive field or laboratory experiments. In rational model evaluation, experimental measurements and analytical solutions have a genuinely complementary role. Measurements have certain reality, but analytical solutions can provide rapid and detailed response patterns across the complete space and time spectrum.
A sequence of well-defined analytical benchmark problems is proposed. These benchmark problems are analytical in the sense that each problem has an exact analytical solution. Analytical solutions alone have absolute credibility. A numerical code must be modified to exactly match the context of an analytical solution. But then the numerical and analytical solutions should match exactly. Any differences can be attributed to the code.
The attention to benchmark problems directly addresses numerical model evaluation, but each of the four problems has intrinsic value in classroom instruction.
In fact, three of the solutions were initially established as instructional illustrations. This paper will introduce a sequence of analytical benchmark problems that are appropriate for numerical codes for unsteady pipe flow. It will begin by adapting a general analytical solution (Sobey 2002a ) for unsteady channel flow. It will then define a sequence of application problems that explore both the underlying physical process and the interaction with the operational context of a numerical model. Numerical models of unsteady pipe flow are boundary driven, and detailed attention is given to response patterns associated with a wide range of common boundary conditions. For each problem, the complete analytical solution is given for both head H(x,t) and flow V (x,t) , in a manner immediately suitable for coding.
finally the response to periodic forcing. This final problem provides an opportunity for a comparative evaluation of the rigid water column or incompressible flow approximation.
FIELD EQUATIONS FOR UNSTEADY PIPE FLOW
The immediate response to rapid changes in pipe flow is taken up by the elastic compressibility of both the fluid and the pipe walls. Unsteady and compressible flow follows the cross-section-integrated mass and momentum conservation equations (Li 1983 and writing pressure as p = g(H − z) leads directly to
Equations (1).
A conceptually useful approximation to Equations (1) is the linearized pipe flow equations:
in which the small advective acceleration terms are neglected, and the Darcy-Weisbach or Manning approximation for the boundary resistance is replaced by a linear approximation lV, in which l is a constant friction factor.
These equations continue to represent the major processes influencing unsteady flow in pipes, though in a less complete manner.
Except for the advective accelerations, these linearized equations retain all the complicated hyperbolic physics of unsteady compressible pipe flow. In addition, the linearization does not invalidate a numerical algorithm choice that was based on the complete Equations (1).
A numerical solution to Equations (3) imposes almost identical challenges.
While linear friction is certainly a compromise, it must be recalled that quadratic friction also is not entirely satisfactory. 
The details are very similar.
GENERAL ANALYTICAL SOLUTION
Quite general analytical solutions to a non-homogeneous variation on Equation (6) have been established by Sobey (2002a) . Adapting that solution to the context of unsteady pipe flow, the general analytical solution for
This general solution includes the zeroth-order free modes (see the appendix), which are non-zero only for gradient or Neumann boundary conditions at both ends (Type 4 in Sobey (2002a) ). The dispersion relationship, relating space and time periodicities, has two forms:
for the forced and free modes, respectively. These forms are special cases of the same generalized dispersion relationship. Sobey (2002a) The dispersion relationship, Equation (9), relates space and time periodicities in both the free and forced modes. Without friction, it has the classical wave form
The general analytical solution for V(x,t) of Equations (7) is
in which b, a 1 , 1 , a 2 , 2 , fˆn, ĝ n , j n and X n (x) are re-defined in relation to V. But they must be carefully coordinated to be exactly consistent with the conditions imposed for the v(x,t) solution. The dispersion relationship remains unchanged, Equation (9). Again, complete details are given in Sobey (2002a) , supplemented by the appendix.
Equations (3) describe an initial, boundary value problem. The solutions for H and V change with both the initial conditions and the boundary conditions.
CODE MODIFICATIONS
Analytical solutions can be used for numerical code evaluation in either of two ways.
(i) Make no changes to the numerical code. An average value for l would be adopted; a also needs to be constant, but it is usually already in numerical codes. The analytical and numerical solutions should have trend agreement, but they will not be identical. Such a comparison is valuable, but not absolute.
(ii) Modify the numerical code to be a solution to the 
WH1: SUDDEN VALVE CLOSURE FROM STEADY FLOW
Sudden valve closure from steady flow is the classic water- At steady flow, Equations (3) become
Problem WH1, outlined in Table 1 In the analytical solution for H, the initial and boundary conditions are
where d(t) is the Dirac delta function and H(t) is the Heaviside unit step function. The eigenvalues and eigenfunctions are, accordingly,
There is no zeroth-mode contribution. The modal coefficients are
and the transient boundary conditions at x L lead to the transient internal forcing: 
The analytical solution is accordingly
It is assumed here, and subsequently, that definite integral expressions in both x and t are easily evaluated and need not be pursued. Engineering software platforms often have a computer algebra capability, which will easily accommodate simple analytical integrations of this nature. The same capability could often be used to confirm that each analytical solution for H(x,t) and V(x,t) does indeed satisfy the field equations, the initial conditions and the boundary conditions. All the application code used in the preparation of illustrations WH1-WH4 adopted this confirmation step.
For V, the initial and boundary conditions are
The eigenvalues do not change, but the eigenfunctions
The modal coefficients are
and the transient boundary conditions at x L lead to the transient internal forcing:
The nature of the response is clear from Equations (17) and (22). The solution is entirely free-mode transients, each of which is a standing wave mode at the discrete system eigenmodes. The influence of these transients decays exponentially with time at the rate l/2, dictated by the pipe friction.
In Figure 3 A moderately slow decay with friction can be seen in the head and flow magnitudes at time t 0 + 4L/a. But it is clear that the dominant dynamic influence is step disturbance propagation at a speed a. Equations (17) and (22) show that the time scale for frictional decay is
which is 100 sec for the present problem. Friction will suppress the sudden changes in head and flow, but not sufficiently rapidly to mitigate the full impact throughout the pipe. oscillations, oscillations at the Nyquist limit, most notably in the H response.
WH2: VALVE CLOSURE OVER FINITE TIME
Sudden valve closure immediately imposes the very significant head rise aV 0 /g. Gradual valve closure is a common expedient to mitigate this difficulty. Problem WH2, outlined in Table 2 , explores the response to valve closure from t 0 sinusoidally over a duration t C . At the same time, it switches the orientation of the problem (see Figure 7) : for a comparison with numerical code, this will exercise a V boundary condition at x F and a H boundary condition at x L , the reverse of problem WH1. 
The eigenvalues and eigenfunctions are accordingly
nϭ1,2,3,· · ·. (26)
There is no zeroth-mode contribution. The modal coefficients are (27) and the transient boundary conditions at x F lead to the transient internal forcing
for n = 1,2,3, . . .. The analytical solution is accordingly 
There are no zeroth-mode contributions. The modal coefficients are
but the transient boundary conditions at x L lead to the transient internal forcing
for n = 1,2,3, . . .. The analytical solution is accordingly
The nature of the response, Equations (29) and (34) 
WH3: START-UP AND EVOLUTION TO STEADY STATE
the approach to the steady-state flow and in the timescale of this transition.
In the analytical solution for H, the initial and boundary conditions are
The eigenvalues and eigenfunctions are accordingly 
and the transient boundary conditions at x L lead to the transient internal forcing
For Type 4 boundary conditions (gradient boundary conditions at both ends), the free modes are augmented by a zeroth mode. The eigenvalues and eigenfunctions
The ĝ n and fˆn modal coefficients are all zero, except
where V N = gH 0 /lL from domain integration of the momentum equation.
The transient boundary conditions at x L lead to the transient internal forcing
which includes the zeroth-mode contribution. The analytical solution is accordingly
The transient response, Equations (39) and (44) 
WH4: RESPONSE TO SUDDEN PERIODIC FORCING
The final problem, WH4, outlined in Table 4 , explores the unsteady response to sudden periodic forcing, such as a seiche in the reservoir at x = 0 in Figure 2 .
Additionally, this problem provides an opportunity to evaluate the limits of applicability of the incompressible or rigid-column approximation to unsteady flow in pipes.
where a 0 is the amplitude and v = 2p/T the frequency of the reservoir seiche.
For the forced mode, boundary condition matching For the free modes, the eigenvalues and eigenfunc-
for n = 1,2,3, . . .. The boundary forcing is periodic and transient internal forcing, j n (t), is zero.
The analytical solution is accordingly
For V, the initial and boundary conditions are 
As for H, Equation (51) 
for n = 0,1,2, . . ., which includes the zeroth mode. The
The nature of the response, Equations (49) and ( The initial response to forcing with period 2p/v = 60 sec is shown in Figure 14 . The response is dominated by the initial steady flow field, which persists as the time-averaged flow, Figure   14 , this time-averaged flow has been subtracted to show the detail of the response much more clearly.
The frictional response time T f is 100 sec (see Equation (23) ) and the decay of the free modes is clearly seen in the evolving clarity of the forced mode response at period 60 sec. 
A common simplifying approximation to unsteady flow in pipes is the incompressible flow or rigid water column approximation. This asserts that the system response time is sufficiently slow that elastic changes in the mass density of the fluid and in the cross-section area A of the pipe are not significant. The context of problem WH4 provides an opportunity to explore the value of this approximation. Where pipe-fluid compressibility is not significant, the equation of state for the pipe-fluid composite (see Equation (2) 
This incompressible approximation is shown in Figure 15 for the identical conditions as the complete compressible solution in Figure 14 . The differences appear very small. Figures 16 and 17 focus on these differences: 
APPENDIX Zeroth-mode Green's function
In the terminology of Equation (6), the complete general solution for H in Sobey (2002a) has the generic form
H(x,t) = H (x,t) + H8(x,t) + H9(x,t)
where H (x,t) is the forced mode solution (Equation (6) with non-homogeneous but periodic boundary conditions), H′(x,t) is the free mode solution (Equation (6) with potential non-homogeneous internal forcing (x,t)
but homogeneous boundary conditions) and H″(x,t) is the residual transient solution (Equation (6) 
